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Abstract

An analytical model for scattering at area discontinuities and sharp edges in flow ducts and pipes is
presented. The application we have in mind is large industrial duct systems, where sound attenuation by
reactive and absorptive baffle silencers is of great importance. Such devices commonly have a rectangular
cross-section, so the model is chosen as two-dimensional. Earlier solutions to this problem are reviewed in
the paper. The modelling of the flow conditions downstream of the area expansion, with and without
extended edges, and its implications for the resulting acoustic modes are discussed. Here, the scattering
problem is solved with the Wiener–Hopf technique, and a Kutta condition is applied at the edge. The
solution of the wave equation downstream of the expansion includes hydrodynamic waves, of which one is
a growing wave. Theoretical results are compared with experimental data for the reflection coefficient for
the plane wave, at frequencies below the cut-on for higher order modes. Influence of the interaction
between the sound field and the flow field is discussed. A region where the reflection coefficient is strongly
Strouhal number dependent is found.
r 2002 Elsevier Science Ltd. All rights reserved.

1. Introduction

Sound propagation and scattering in ducts and pipes have gained increasing interest as the
noise from duct systems, such as ventilation ducts, has become an increasing problem. Because of
the super-imposed mean flow, the acoustics of such a duct system is more complex than for the
non-flow case. For industrial applications, ducts with rectangular cross-section are commonly
used, and reactive and absorptive baffle silencers are important devices to attenuate noise
propagating in the system.
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In this paper, we present a method to determine scattering of sound at a flow duct area
expansion with a possible extended edge. In particular, we are interested in the influence of the
interaction between the sound field and the flow field at sharp edges in the duct. The model starts
out from the one derived by Nilsson [1], where the scattering properties at the edge of a semi-
infinite plate in a flow duct are studied. The model is based on the linear acoustic equations,
including higher order acoustic modes. It is assumed that the flow conditions in the region close to
the edge govern the flow—sound interaction [2–6]. Thus, for our purpose it is appropriate to
model the velocity profile as a jet, i.e., the flow is not expanded in the region where the scattering is
analysed. The modelling can be divided into three different parts: (a) mean velocity profiles and
the introduction of a vortex sheet, (b) sound propagation in the straight duct parts and (c) the
scattering at a sudden area change. The dissipation through interaction between the sound field
and the flow field is of special interest, and can be studied with the models presented in this paper.
From the scattering properties of the splitter plate problem, it is possible to determine the

scattering at an area expansion in a flow duct. In fact, it is possible to use the results for the splitter
plate to construct the scattering properties of other geometrical changes as well. The synthesis is
based on a building block technique [7]. The theoretical results are also compared with
experimental data [2,8].

2. Background

Among the first attempts to describe the scattering properties of a flow duct area expansion is
the work of Ronneberger [2]. The method is to apply linearized versions of the one-dimensional
mass, energy and momentum conservation equations to a control volume. A similar model was
presented by Alfredson and Davies [9]. Both these early models assumed an immediate expansion
of the mean flow field after the area expansion. The justification for this assumption was that in
the plane wave region, the wavelength is much longer than the length of the mixing region. Thus,
the mixing region would be too small to influence the acoustic wave propagation. The dissipation
due to the flow expansion is modelled as a change in the entropy. Based on the same fundamental
acoustic equations is the model presented by Cummings [3]. The approach is to assume that the
scattering occurs in a region where the flow has not yet expanded, and to assume entropy waves
that allow for dissipation. However, it is concluded [10] that the presence of entropy waves can be
neglected in this model, without major changes of the result. In these first low-frequency models
all effects of higher order modes or near field effects are omitted by the way the low-frequency
assumptions are applied.
The first attempt at a two-dimensional formulation for the acoustic field, including higher order

modes, was the model presented by Nilsson and Brander [4,7,11,12]. This model is essentially the
same as the one that forms the basis of the present article. The scattering properties of a bifurcated
cylindrical duct, with a plug flow in the inner region, are studied. An exact model is formulated,
including higher order acoustic modes, and hydrodynamic modes. The latter arise as a
consequence of the sheared flow, modelled as an infinitely thin shear layer separating the core flow
and the surrounding, quiescent medium. The scattering problem is formulated as Wiener–Hopf
equations, which are solved to obtain the scattering properties. The solution satisfies the Kutta
condition and causality requirements. The model also allows for an absorber in the outer region.
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Finally, a building block method is presented, that indicates how the scattering properties of a
number of discontinuities in series or in a more complicated arrangement can be deduced. Thus,
area expansions, contractions and extended edges could be simulated.
A quantity of interest when describing the acoustic properties of the expansion is the

impedance. The impedance is related to the phase of the reflection coefficient, so it is of interest to
include any possible phase shift in the model. It has been argued that the flow field has no effect
on the phase, but that it is mainly frequency dependent. This was put forward by Lambert and
Steinbrueck [13] who presented a low-frequency – low Mach number model, including phase
calculations. Peat [14] compared the impedance modelled by an analytical method and by FEM.
In both models, the mean flow field is expanded immediately downstream of the expansion. Only
convective effects on the acoustic field are included. The statement was that the magnitude of the
reflection coefficient is Mach number dependent, whereas the phase shift is frequency dependent.
This is the basis for the plane wave model suggested by Davies [15]. The magnitude of the

reflection coefficient should be derived including convective effects, and the phase would be
derived from mode matching or as an end correction for a non-flow case. A model for this is
presented by, e.g., Kergomard and Garcia [16], who formulate the end correction as a function of
the area expansion ratio. In this paper, we will show that the phase is indeed dependent on both
Mach number and frequency.
An extensive experimental work is that of Ronneberger [2,17], presenting results for the entire

scattering matrix for an area expansion, including both magnitude and phase measurements.
These results are still the best available in the literature, and are utilized in this paper. A modified
one-dimensional model with vortex waves is presented along with a suggestion for a model
including entropy waves. He also gives further arguments for the assumption that the interaction
between sound field and flow field occurs before the jet has expanded. Aur!egan [18] presented a
model which is similar to that of Ronneberger [2] but includes a low-frequency approximation of
the effects of the higher order modes through the achieved dispersion equation. The results for the
magnitude of the reflection coefficient agree well with experimental results.
The effects of the vortex – sound interaction may also be described through an acoustic analogy

where the vortex sheet is introduced as a source/sink term in the wave equation for the
downstream duct. This approach was adopted by Dup"ere and Dowling [19], who investigated the
sound absorbed by the vorticity field downstream of the area expansion. As the focus is on very
low Mach number flow, it is argued that the Green function in the downstream duct can be
determined for a fully expanded mean flow. Furthermore, a solution is constructed with the
vortex sheet represented as a source term. It is also assumed that the shear layer is thick, so that
the instability of the shear layer is avoided.

3. Scattering at the sharp trailing edge

In this section, reflection and transmission properties for a duct with a semi-infinite splitter
plate will be presented. The aim is to apply the results to an area expansion in a two-dimensional
(rectangular) flow duct, which is done in the next section. The area expansion can be a sudden step
or include an extended edge, as depicted in Fig. 1. The flow field is such that the fluid in the lower
part of the duct has a mean velocity U0 ¼ Mc0; independent of y; while the flow in the upper part
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downstream of the expansion is quiescent. Then M; 0oMo1; is the Mach number and c0 is the
speed of sound. The two regions are assumed to be separated by an infinitely thin shear layer, that
is a vortex sheet. The problem is treated as linear, and viscous as well as thermal effects are
neglected. As the scattering model that will be derived in the next section allows for an extended
edge, there are three different regions involved, denoted A, B and C in Fig. 2. The solution to the
problem in [1] is, for the readers convenience, presented in a self-contained form to allow for
numerical computations.
An infinitely thin shear layer like the one in this model is unstable for all frequencies. This so-

called Helmholtz instability is reflected in the solution of the wave equation through an unstable
mode. Define the shear layer Strouhal number as

St ¼
ky
M

; ð1Þ

where y is the thickness of the wall boundary layer close to the edge. The shear layer at the edge of
the splitter plate is unstable when this Strouhal number is smaller than a critical value of about 1

2
[20], and becomes stable for higher Strouhal numbers. Physically, the assumption of an infinitely
thin shear layer is valid as long as the shear layer Strouhal number is well below this critical value.

3.1. Analytical model

The pressure solves the convective wave equation for the three regions. The walls are assumed
rigid, and the displacement normal to the vortex sheet is assumed continuous. In ducts A and C,
the wave numbers and mode shapes are, upon assuming a harmonic time dependence expð�iotÞ;

a7An ¼ �
kM

ð1� M2Þ
7

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � ð1� M2Þðnp=aÞ2

q
ð1� M2Þ

; n ¼ 0; 1; 2;y; ð2Þ

mean flowincident sound
x

y

y  = a

y  = b

Fig. 1. A sound wave incident on an area expansion. A mean flow is present in the lower part of the duct, the dotted

line indicating an infinitely thin shear layer.

mean flow
x

y

y = a

y  = b

A

B
C

Fig. 2. Duct geometry for a trailing edge, where the dotted line represents the vortex sheet.
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jAnðyÞ ¼ cosðnpy=aÞ; ð3Þ

7aCn � a7Cn ¼ 7
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � ðnp=cÞ2

q
; n ¼ 0; 1; 2;y ð4Þ

jCnðyÞ ¼ cosðnpðb � yÞ=cÞ; ð5Þ

where k ¼ o=c0 is the wave number and a; b and c are the widths of ducts A, B and C. The square
root is defined so that it has a positive imaginary part. In duct B, no explicit expression is found
for the wave numbers a7Bn; but they are solutions to the dispersion relation

GðaÞ �
cot hc

h
þ ð1� Ma=kÞ2

cotHa

H
¼ 0; ð6Þ

where H ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk � MaÞ2 � a2

q
; h ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p
: Let H7

Bn and h7Bn denote H and h when a ¼ a7Bn: The
mode shape in duct B is

j7
Bnða

7
Bn; yÞ ¼

1

Nða7BnÞ

�
ð1� Ma7Bn=kÞ2

H7
Bna sinH7

Bna
cosH7

Bny; 0oyoa;

1

h7Bna sin h7Bnc
cos h7Bnðb � yÞ; aoyob;

8>>><
>>>:

ð7Þ

where the mode shape is normalised so that the mean value of j across the duct is one, thus

NðaÞ ¼
a

b

Ma3ðMa� 2kÞ

ðkaÞ2ðk2 � a2Þððk � MaÞ2 � a2Þ
: ð8Þ

It is worth commenting on the different wave types that appear in the solution. Besides the
plane waves and the higher order acoustic modes, two other waves are also solutions of the
equation. They are denoted hydrodynamic waves, as they propagate with a speed proportional to
the mean flow rather than the speed of sound. Another feature is that the maximum of the
amplitude at the vortex sheet gets sharper for increasing Strouhal number. Causality requirements
yield that both waves propagate in the direction of the mean flow, and that one hydrodynamic
wave is growing while the other one is a decaying wave. The exponential growth corresponds to
the instability of the vortex sheet discussed above. After a certain distance, the amplitude of
the growing wave becomes so large that the assumption of linearity is not valid. Physically, the
instability wave breaks into turbulence. It is reasonable to neglect any interaction with the
acoustic field in this region. Thus, our linear model includes the interaction at the edge, while any
sound radiated from the breakdown into turbulence of the unstable shear layer is neglected.
A thorough analysis of the properties of the wave numbers is given in Ref. [21] and reviewed in

Ref. [1]. A great advantage of the model is that there is a clear distinction between the three wave
types; plane and higher order acoustic waves and hydrodynamic waves. For more involved
models, for example with a continuously varying mean velocity profile, such a clear distinction
would not be possible but the different modes would be of both acoustic and hydrodynamic
nature. The only case when the current model could cause problems regarding the different wave
types is if two wave numbers would merge for some special set of parameters. Then it would not
be possible to track the wave type by continuation in some parameter. A case of special interest
would be if the wave number of a leftward propagating higher order acoustic wave would merge
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with the unstable hydrodynamic wave number. Then the convective instability would change into
an absolute instability, and the model would break down as the stationary solution ceases to exist
[1].
To derive the scattering coefficients, the Fourier transform is applied to the wave equations and

the boundary conditions. Then Wiener–Hopf equations are formulated. To ensure uniqueness for
the pressure, an edge condition is applied to the problem. For the trailing edge, as well as in the
case of the area expansion, the flow forms a jet downstream of the area expansion. In both cases
the Kutta edge condition, requiring [7]

@p

@y
ðx; aþÞ ¼ Oðx3=2Þ when x-0þ; ð9Þ

is applicable. This is in contrast to the non-flow case, where the edge condition depends on the
edge angle. The Kutta condition states that the velocity and the displacement are finite at the edge,
and determines the strength of the scattered waves, in particular the amplitude of the
hydrodynamic waves. This edge condition is physically relevant for small Strouhal number, St
as defined in Eq. (1), for which the shear layer is unstable, as mentioned above.
The resulting scattering coefficients are organised in scattering matrices. Assume an incoming

wave

Pin
A ¼

X
n

Pþ
A;nj

þ
A;nðyÞ e

iaþ
A;nx ð10Þ

from the left in duct part A, causing a transmitted wave

Ptr
B ¼

X
n

Pþ
B;nj

þ
B;nðyÞ e

iaþ
B;nx; ð11Þ

in duct B. The relation

Pþ
B;n ¼

X
Tþ

BAnmPþ
A;m ð12Þ

defines the transfer matrix Tþ
BA: Upon introducing column vectors Pþ

B and Pþ
A with elements Pþ

B;n

and Pþ
A;n; relation (12) can be written Pþ

B ¼ Tþ
BAP

þ
A : More generally, the transfer matrix T7

XY

describes the transmission from duct Y to duct X, while a reflection matrix R7
X describes the

reflection in duct X. The plus sign indicates that the scattered wave propagates to the right, while
the minus sign indicates a leftward propagating scattered wave.
The trailing edge scattering coefficients required for the modelling of the area expansion in the

next section are given below. For waves of mode order m originating in duct A, the scattering
coefficients to waves of order n are

R�
Anm ¼

ð�1Þm

GþðaþAmÞG�ða�AnÞ
1

ða�An � aþAmÞ
F�

An; ð13Þ

Tþ
BAnm ¼

að�1Þm

GþðaþAmÞ
1

ðaþBn � aþAmÞ
Fþ

Bn; ð14Þ

T�
CAnm ¼

ð�1Þm

GþðaþAmÞG�ð�aCnÞ
1

ðaCn þ aþAmÞ
F�

Cn; ð15Þ
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and similarly for waves originating in duct C,

R�
Cnm ¼ �

ð�1Þm

GþðaCmÞG�ð�aCnÞ
1

ðaCn þ aCmÞ
F�

Cn; ð16Þ

Tþ
BCnm ¼ �

að�1Þm

GþðaCmÞ
1

ðaþBn � aCmÞ
Fþ

Bn; ð17Þ

T�
ACnm ¼ �

ð�1Þm

GþðaCmÞG�ða�AnÞ
1

ða�An � aCmÞ
F�

An: ð18Þ

The functions F7
Xn are given by

F�
An ¼

ð�1Þnþ1ð1� Ma�An=kÞ2

ð1þ dm0Þa½ð1� M2Þa�An þ Mk�
;

Fþ
Bn ¼ NðaþBnÞ Res

a¼aþ
Bn

1

G�ðaÞ

	 

;

F�
Cn ¼

ð�1Þn

ð1þ dn0ÞcaCn

;

where dn0 is the Kronecker delta. The function GðaÞ can be written as a product,

GðaÞ ¼ GþðaÞG�ðaÞ: ð19Þ

The plus factor is given by

GþðaÞ ¼
ð1� a=a�B;plÞ

ð1� a=a�A;plÞð1� a=a�C;plÞ
MþðaÞ

ffiffiffiffiffiffiffiffiffiffi
Gð0Þ

p
; ð20Þ

and the minus factor is

G�ðaÞ ¼
ð1� a=aþB;grÞð1� a=aþB;daÞð1� a=aþB;plÞ

ð1� a=aþA;plÞð1� a=aþC;plÞ
M�ðaÞ

ffiffiffiffiffiffiffiffiffiffi
Gð0Þ

p
; ð21Þ

where the pl indicates the wave number of the plane wave, subscript gr indicates the growing
hydrodynamic mode and subscript da the damped hydrodynamic mode. Finally, the factors M

incorporate an infinite product

M7ðaÞ ¼
YN
n¼1

ð1� a=a8BnÞ
ð1� a=a8AnÞð1� a=a8CnÞ

: ð22Þ

3.2. Numerical computations

Finally, in this section we describe how the transmission and reflection matrices (13)–(18) are
computed. We take the reflection matrix R�

Anm for duct A as an instructive example. The critical
part is the computation of the infinite product (22) representing GþðaþAmÞ and G�ða�AnÞ: These
infinite products are build from the wave numbers a7An; a

7
Cn anda7Bn: Only a7Bn require specific

treatment in the form of a numerical solution of the zeros for GðaÞ:
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For very small ka; asymptotic expressions are available for all (infinitely many) zeros, and these
are used as starting values. By increasing the frequency in small steps, the wave numbers for larger
ka are found. The Newton–Raphson method is then used to determine the value of the wave
numbers a7Bn: Normally, the Newton–Raphson algorithm converges very quickly. For some
parameter values there may be problems in that a zero jumps to another zero when ka is
increased. Usually, this is resolved by choosing smaller steps in ka. If that remedy fails, the
argument principle for analytic functions can be used to get information on the location of the
zero. Still another method would be to use the method of steepest descent on jGðaÞj:
Having a method to compute the wave numbers a7Bn; it remains to determine the infinite

products GþðaþAmÞ and G�ða�AnÞ: Now, the accuracy of these infinite products can be checked in a
very convenient way. From Eq. (19) it follows that e ¼ j1� G�ðaÞGþðaÞ=GðaÞj is a measure of the
relative accuracy for GþðaÞ and G�ðaÞ: In actual fact e is also a good measure on the relative
accuracy on R�

Anm: The relative error e not being small is either an indication that a zero has
jumped or that the number of factors in the truncated infinite product is too small. The
convergence can be improved by estimating the part lost in truncation, using asymptotic methods
[11]. However, this acceleration of convergence is not used in this report, since ordinary
truncation is sufficiently fast. Our discussion was based on the matrix R�

Anm (13). Obviously, all
matrices can be analysed in a similar way.

4. Scattering at an area expansion with an extended edge

The results for the wave propagation and the results for the scattering at a sharp edge of a semi-
infinite plate can now be used to find the acoustic properties of more complex geometries in a
duct. To construct these, a building block method is used [7], and the basic idea is as follows. A
duct part containing several discontinuities is first divided into basic elements, and the acoustic
properties of each element are analysed. The properties of each part, or building block, are then
combined so that the acoustic properties of the entire duct part can be described. The result is a
transmission and a reflection matrix describing the duct part as one acoustic element.
We will now use the building block method to study the scattering from an area expansion with

an extended edge. The geometry is achieved by closing of duct C by a vertical, acoustically rigid,
wall a distance l from the edge of the splitter plate, as illustrated in Fig. 3. The geometry is
denoted an area expansion with an extended trailing edge. Note that the model includes the
special case when l ¼ 0: There are two explanations for this. First, the Kutta edge condition is
independent of the edge angle [7], as discussed above. Second, critical elements in the scattering
matrices tend to zero in the low-frequency limit. This gives a good convergence of the model and

mean flow
x

y

y  = a

y  = b
x1x2

A

B
C

Fig. 3. A sudden area change with an extended edge of length x1 � x2 ¼ l:
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reduces the importance of the edge condition type. Consequently, the model converges when l ¼ 0
even for the non-flow case, but the convergence is slower. Thus, the model can be used to compute
the scattering properties of a sudden area expansion both with and without an extended inlet.

4.1. Scattering coefficients

We start by defining the scattering matrices. Let, as above, P7 be a column vector whose
elements are the modal amplitudes Pn of a particular sound wave. A plus sign indicates
propagation to the right and a minus sign propagation to the left. Thus Pþ

Ain represents a wave in
duct A propagating to the right impinging on the extended trailing edge, as shown in Fig. 3.
Define the reflection matrix R� and transmission matrix Tþ by writing, for the resulting,
unknown, pressure amplitudes PA and Pþ

B in ducts A and B, respectively,

PA ¼ Pþ
Ain þ R

�Pþ
Ain; ð23Þ

and

Pþ
B ¼ TþPþ

Ain: ð24Þ

The matrices R� and Tþ can now [22] be expressed in terms of the scattering matrix elements in
Section 3. The derivation yields

R� ¼ R�
A þ T�

ACQ
�
Cðx2; x1ÞACðx1 � x2ÞT�

CA; ;

Tþ ¼ Tþ
BA þ Tþ

BCQ
�
Cðx2;x1ÞACðx1 � x2ÞT�

CA; ð25Þ

where

Q�
Cðx2;x1Þ ¼ ½1� ACðx1 � x2ÞR�

C �
�1: ð26Þ

The reflection and transmission matrices on the right-hand of Eq. (25) are given in Eqs. (13)–(18).
The factor AC is a diagonal matrix representing the transmission path in duct C, whose diagonal
elements are

e�iaCn2ðx2�x1Þ:

Under certain conditions, [7], it is possible to expand Eq. (26) as an infinite sum,

Q�
Cðx2;x1Þ ¼ ½I� ACðx1 � x2ÞRC ��1 ¼ 1þ ACRC þ ðACRCÞ

2 þ?: ð27Þ

Inserting expression (27) in, e.g., the expression for the transmission matrix Tþ; Eq. (25), yields

Tþ ¼ Tþ
BA þ Tþ

BCACT
�
CA þ Tþ

BCACRCACT
�
CA þ Tþ

BCACRCACRCACT
�
CA þ?: ð28Þ

The factor Q�
CAC can then be interpreted as representing the reflections between the plate edge

and the end of the short duct part C. Eventually, these reflections will contribute to the scattered
field in ducts A and B. In Fig. 4, the waves corresponding to the two first terms in (28) are shown,
and it is indicated how the waves are partly transmitted to duct B and partly reflected into duct C.
Apparently, the first term of the right-hand of Eq. (28) represents the portion of the wave that is
directly reflected or transmitted at the point of scattering. Each following term can be interpreted
as the part transmitted each time a wave has been reflected in duct part C. It is concluded that an
infinite number of reflections at the wall in duct C are thus included in the analysis. Note that at
each scattering event, an incident mode couples to all other modes.

S. Boij, B. Nilsson / Journal of Sound and Vibration 260 (2003) 477–498 485



The advantage of the original expression of Q�
C is that the inverse matrix may very well exist

and be finite even if the series in Eq. (27) does not converge. If that is the case, the interpretation
of a sum of an infinite number of reflections is no longer valid.
The scattering of sound waves incident from duct A in the geometry depicted in Fig. 3 is then

fully determined by the expressions in Eqs. (25). Together with the results for the wave
propagation, these expressions give the acoustic properties of a flow duct with a sudden area
expansion. Scattering coefficients for waves incident from downstream the area expansion can be
derived in a similar way [22].

4.2. Numerical procedure

The computation of the scattering matrixes involves matrix multiplication, so it is important to
include the appropriate number and choice of scattering coefficients to get the required accuracy,
but also to keep the size of the matrices small. For the calculations in this paper the plane waves,
the growing hydrodynamic wave in duct B and the least damped higher order waves have been
chosen to build up 10
 10 matrices. It may seem remarkable that very low order matrices can be
used in the multiple scattering process. The reason is that critical scattering matrix elements tend
to zero when kb tends to zero. This is the basis for a working quasi-stationary scattering theory as
presented in Section 5. However, for increasing kb larger matrices are required. In addition, the
computations of the matrices become much more time consuming for high frequencies.

5. Quasi-stationary model

A quasi-stationary version of the model has been derived [22]. In the quasi-stationary limit, it
turns out that the scattering coefficients for the edge of the splitter plate depend only on the waves
that propagate in this limit. In addition, it can be shown that critical scattering coefficients for all
higher order modes tend to zero. Thus the only waves that have to be considered are the plane
waves and the hydrodynamic waves, which propagate from zero frequency. For a trailing edge,
five scattered waves are possible, as depicted in Fig. 5.

 2

 1

A

B

.....C

Fig. 4. The first two transmission paths for waves transmitted from duct A to duct B. The incident wave is scattered,

step 1. The scattering give rise to one right going wave transmitted to duct B and one wave transmitted into the small

closed duct part C. The latter is reflected at the wall and when it reaches the opening of the closed duct part, it is

scattered, step 2; part of the wave is reflected and part is transmitted to duct B. The same process as in step 2 will now

occur and will then repeat itself an infinite number of times.
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As an example, we give the resulting expression for the coefficient for plane wave reflection at a
trailing edge back into duct A,

R�
A ¼

� 1�
aþA;pl

a�C;pl

 !
1�

a�A;pl

aþA;pl

 !
1�

a�A;pl

aþC;pl

 !

1�
aþA;pl

a�B;pl

 !
1�

a�A;pl

aþB;gr

 !
1�

a�A;pl

aþB;da

 !
1�

a�A;pl

aþB;pl

 ! k2c 1� M
a�A;pl

k

� �2

2b½ð1� M2Þa�A;pl þ Mk�a�A;pl

;

where the subscript pl indicates the wave number of the plane wave, the subscript gr indicates the
growing hydrodynamic mode and subscript da the damped hydrodynamic mode. When the wave
numbers are known, it is a straightforward procedure to calculate the reflection coefficient.
For ducts A and C we have the wave numbers

aþA;pl=k ¼ ð1þ MÞ�1;

a�A;pl=k ¼ �ð1� MÞ�1;

a7C;pl=k ¼ 71: ð29Þ

If only small Mach numbers are considered, the wave numbers in duct B can be expressed as a
series for small M;

aþB;pl=k ¼ 1�
a

b
M þ a �

3

2
c

� �
a

b2
M2 þOðM3Þ ¼ ð1þ MZÞ�1 þOðM2Þ;

a�B;pl=k ¼ �1�
a

b
M � a �

3

2
c

� �
a

b2
M2 þOðM3Þ ¼ �ð1� MZÞ�1 þOðM2Þ; ; ð30Þ

where Z ¼ a=b is the ratio between the cross-sections of the flow part and the wider part of the
duct. Note here that the average mean flow over the cross-section of duct B is ZM: Although the
velocity profile for the flow field in duct B is different from that of duct A, the correction of
the wave numbers for the plane waves of duct B is of order M2:
For the hydrodynamic waves in duct B we get

aþB;gr=k ¼ 1� i

ffiffiffi
a

c

r� �
M�1 þOðMÞ;

aþB;da=k ¼ 1þ i

ffiffiffi
a

c

r� �
M�1 þOðMÞ: ð31Þ

y

y = b

y = a

y = 0

C

A

B

Fig. 5. Potential scattered waves at a trailing edge.
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Scattering coefficients for the plane and hydrodynamic waves at an area expansion are derived
following Section 4. The reflection coefficient for a wave incident downstream onto an area
expansion with an extended edge is given by, upon assuming kb51;

r� ¼ �
1� Z

Zeik2l þ 1
1þ

2Zð1þ eik2lÞ
Zeik2l þ 1

M

	 

þOðM2Þ: ð32Þ

The variable l is the length of the extended edge. If the length of the extended edge is set to zero,
the reflection coefficient is

r� ¼ �
1� Z
1þ Z

1þ
4Z

1þ Z
M

	 

þOðM2Þ; Zp1: ð33Þ

This is the quasi-stationary limit for the plane wave reflection coefficient. Based on low-frequency
theory for cylindrical ducts, Ronneberger [17] arrived at the same expression as Eq. (33), where Z
is the area ratio. In the current theory, the effect of higher order modes are included in the
beginning, contrary to Ronneberger’s model.
For small Mach numbers, the magnitude of reflection coefficient decreases with increasing Z,

corresponding to a decrease in area change. When Z approaches one, i.e., no area change, the
magnitude of reflection coefficient vanishes, as expected. Regarding an increase in the mean flow
speed, the magnitude of the reflection coefficient increases with increasing Mach number. Note
that the reflection coefficient is in agreement with the classical plane wave model when the Mach
number is set to zero.

6. Results

6.1. Measurements and comparison method

To validate the model for scattering in a two-dimensional (rectangular) duct, we want to
compare the theoretical results with experimental data. The measurements that we use are those
performed by Ronneberger [8,2] on an area expansion in a cylindrical duct system with a non-
reflecting termination. A mean flow field is built up along with the sound field. The sound pressure
reflection and transmission properties of the area change are measured; Fig. 6. The three
parameters that are varied are frequency, flow speed and the degree of area change. In this paper,

Mc0

reflected wave, Rp

S1

S2

incident wave, p

transmitted wave, Tp

Fig. 6. Geometry of the measurement duct. Note that the downstream termination is non-reflecting. The amplitude of

the reflected wave gives the value of the reflection coefficient.
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we will focus on the reflection coefficients. Data for the transmission coefficient is also available,
but the comparison will be left for a future publication.
The comparison of experimental results, for a cylindrical geometry, with theoretical results for a

rectangular geometry, needs some further comments. The reason for the use of these experimental
results is simply that they are the only experimental results available, where both magnitude and
phase are measured. In addition, there are arguments for a correspondence between the
cylindrical and the rectangular case. First, it should be noted that all measurements are performed
in the plane wave region. When a plane wave is incident on an area expansion in a cylindrical
duct, the pressure field at the entrance of the larger duct part is constant in the angular direction.
Thus the only higher order modes that will be excited are the ones that are independent of the
angular co-ordinate, but vary only as a function of the radius. These are commonly denoted radial
modes. All this indicates that it is possible to consider the problem of wave propagation in
cylindrical ducts, given the restrictions on parameters mentioned above, to be a two-dimensional
problem. In that case, there is a correspondence to our theory for rectangular ducts, which has
indeed a two-dimensional formulation as we ignore any influence of the depth of the duct.
One obvious problem in this context is the comparison of Helmholtz number, i.e., the

dimensionless measure of the frequency. We argue that the predominant feature is the onset of
higher order modes in the larger duct. For Helmholtz number far below the first cut-on of higher
order modes, the wavelength is much larger than the transverse dimensions of the duct. Thus, the
sound field will not resolve the geometrical details, and it can be assumed that the difference in
geometry between a cylindrical duct and a rectangular duct will have a negligible influence on the
scattering properties for plane waves. It could be expected that the plane wave reflection
coefficient is reasonably similar for a cylindrical and a rectangular duct with the same area
expansion ratio, if the frequency is normalised by the respective cut-on Helmholtz number.
The normalisation of the frequency is done as follows. The normalised Helmholtz number, here

denoted He�; is given by

He� ¼
kb

ðkbÞ0
ð34Þ

where ðkbÞ0 is the cut-on Helmholtz number for the first higher order mode. It is given by
ðkbÞrec0 ¼ p for the rectangular duct. For the cylindrical duct, ðkbÞ0 is given by the relation
J 0
0ðkbÞ ¼ 0 where J0 is the zero order Bessel function, and the prime indicates the derivative of J0
with respect to its argument. The solution is given numerically by ðkbÞcyl0 ¼ k0E3:832:
It should also be noted that the geometrical parameter Z, denoting the area expansion ratio, is

different depending on the shape of the duct

Zcyl ¼
S1

S2

����
cyl

¼
r2a
r2b
; Zrec ¼

S1

S2

����
rec

¼
a

b
; ð35Þ

where ra and rb are the radii of the respective duct parts in the cylindrical duct, and a and b are the
width of the respective duct parts in the rectangular duct. Now consider the case of a cylindrical
and a rectangular duct with the same area expansion ratio Z: Then we find the following relation
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between ka for the rectangular and cylindrical duct:

He� ¼
1

Z
ðkaÞrec

p
¼

1ffiffiffi
Z

p ðkaÞcyl

k0
: ð36Þ

6.2. Experimental and numerical results for the reflection coefficient

The presented theory is for scattering in rectangular ducts, and the available experimental data
is, for reasons explained above, for cylindrical ducts. Thus, a comparison is to be regarded as
qualitative in the first place. Nevertheless, as discussed in the previous section, the results can be
expected to agree quantitatively as well, at least in the low-frequency region.
In this paper, we have chosen to concentrate on comparison with the reflection coefficient.

First, low-frequency results for the reflection coefficient are presented. Dependence on area
expansion ratio and on Mach number will be discussed. Next, results for frequencies up to 75% of
the first cut-on frequency of higher order modes are presented. Frequency and Mach number
dependence will be discussed, as well as a Strouhal number dependent phenomenon that is present
in both experimental and theoretical data.

6.2.1. Low-frequency results for the magnitude of the reflection coefficient
We will first study the reflection coefficient at relatively low frequencies, well below the cut-on

of any higher order modes. In this region, the magnitude of the reflection coefficient is almost
independent of the frequency. We will refer to the quasi-stationary result for the reflection
coefficient at low Mach number, expression (33). The frequency axis is normalised by the
respective cut-on frequency for cylindrical and rectangular geometry. In Fig. 7, the magnitude of
the reflection coefficient for two different area expansion ratios is shown. The predicted
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Fig. 7. Magnitude of the reflection coefficient R for the plane wave incident from duct A. M ¼ 0:3; Z ¼ 0:42 (upper

curve), 
 , Z ¼ 0:5 (lower curve); 
 , experiment [8]; —; full model result; ’7 quasi-stationary result.
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dependence that the reflection decreases with increasing area expansion is verified by the
experimental results. Furthermore, the calculated results, based on the general model, show very
good agreement with the measured values. In Fig. 8, theoretical results are compared with
experimental values of the magnitude of the reflection coefficient for three different Mach
numbers for a fixed area expansion ratio. The results in Fig. 8 show that the model is continuous
in the limit when M tends to zero. The magnitude of the reflection coefficient increases with
increasing Mach number. The correspondence between computational and experimental results is
good. As the Mach number increases, the calculated results seem to underestimate the reflection
coefficient. It should also be noted that a higher flow speed would typically increase the
measurement errors.

6.2.2. The reflection coefficient as a function of the Mach number
Here, theoretical values for the complex reflection coefficient are compared with experimental

data [2], and the data is displayed as a function of the Mach number for some frequency values.
The frequency ranges from 12.5% to 75% of the cut-on frequency of the first higher order mode,
and the Mach number varies from 0 to 0.5. Data are given for the magnitude (Figs. 9–12), phase
(Fig. 13), and as curves in the complex plane (Fig. 14).
From the magnitude and phase plots, we can see that the Mach number of the experiment

seems to correspond to a slightly higher theoretical Mach number. This is also pointed out by the
complex plot, where the theoretical and experimental curves coincide well, along the curves
representing a fixed Helmholtz number. The discrepancy might be explained as follows. The
velocity that determines the behaviour of the instability wave is the velocity outside of the wall
boundary layers. In the case of the turbulent flow in the cylindrical pipe used in the experiment,
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Fig. 8. Magnitude of the reflection coefficient R for the plane wave incident from duct A. M ¼ 0:001 (lower), 0.2
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Fig. 9. The reflection coefficient of an area expansion, Z ¼ 0:346: The magnitude versus the Mach number M in the

upstream part of the duct for He� ¼ 0:125: —, theory; +, experiment [2].
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Fig. 10. The reflection coefficient of an area expansion, Z ¼ 0:346: The magnitude versus the Mach number M in the

upstream part of the duct for He� ¼ 0:25: —, theory; +, experiment [2].
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Fig. 11. The reflection coefficient of an area expansion, Z ¼ 0:346: The magnitude versus the Mach number M in the

upstream part of the duct for He� ¼ 0:50: —, theory; +, experiment [2].
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Fig. 12. The reflection coefficient of an area expansion, Z ¼ 0:346: The magnitude versus the Mach number M in the

upstream part of the duct for He� ¼ 0:75: —; theory, +, experiment [2].
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the Mach number is based on the mean value, rather than the value in the core. On the other
hand, in the model, the boundary layers are neglected, so the theoretical Mach number
corresponds to the velocity in the core. Thus, an experimental Mach number tends to correspond
to a higher theoretical Mach number, as can be seen in the graphs. As an example for a turbulent
flow in a circular duct, the difference between the maximum and the mean velocity is here around
20% [23].
The overall behaviour is that the magnitude is mainly dependent on Mach number whereas the

phase is dependent on the frequency. Besides this main dependence, we can observe another
phenomenon. For each frequency, the reflection coefficient shows a strong variation at a certain
Mach number, and it turns out that this happens at a specific Strouhal number, ka=M: This is
seen in the theoretical curves as well as in the experimental data. These results suggest that the
interaction between sound field and flow field is particularly important when the Strouhal number
is close to one. Apparently, our theory predicts this phenomenon.

6.2.3. Frequency dependence in the reflection coefficient

In this section, the reflection coefficient is studied as a function of the frequency, for some fixed
Mach numbers. In Figs. 15 and 16, the magnitude and the phase of the reflection coefficient for a
sudden area expansion are shown. The magnitude typically increases to reach a peak value close
to the cut-on frequency, He� ¼ 1; for the first higher order mode in the downstream duct B. When
this mode starts to propagate in duct B, the reflection coefficient for the plane wave mode drops
quickly. As in the previous section, we can observe a strong Strouhal number dependence in a
region around St ¼ ka=M ¼ 1: Thus, this phenomenon cannot be modelled by the quasi-
stationary theory. There, ka is assumed to reach zero in a specific sense, implying that the Mach
number must be larger than ka:
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Fig. 15. Magnitude of the reflection coefficient for the plane wave incident from duct A for Z ¼ 0:35. Experiment [2]: * ,
M ¼ 0:1; K, M ¼ 0:3; Theory: —, M ¼ 0:1; - - -, M ¼ 0:3:
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The Mach numbers of the theoretical and the experimental data seem to differ somewhat, as
mentioned in the previous section where an explanation was suggested. Despite this, the graphs
show that the frequency dependence of the magnitude of the reflection coefficient is important as
we approach the first cut-on frequency. The good agreement between the calculated and measured
phase justifies the frequency normalization scheme described in Section 6.1. It implies that our
comparison of measurements on a cylindrical geometry with calculations on a rectangular
geometry is acceptable. It also further supports the validity of the assumption that the shape of the
cross-section has little influence on the scattering properties at low frequencies [2].

7. Summary and conclusions

The scattering properties of a flow duct area expansion have been studied, and earlier works
have been reviewed. An analytical two-dimensional model [1], which treats general scattering
properties of bifurcated ducts, with the focus on the sound field – flow field interaction, has been
presented. The acoustic field is modelled with an infinite number of modes. In order to construct
more complicated duct elements, a building block method [7] is applied to the result of this
canonical problem. In this case, the model is applied to an area expansion. A quasi-stationary
version of the model is also derived, and explicit formulas are given in the case of small Mach
number. A comparison with experimental data [8,2], verifies the model, and results are especially
good in the low-frequency region, even for Mach numbers as high as 0.6. It should be noted that
the experimental results available are for a cylindrical geometry. To overcome this problem, a
frequency normalization scheme (based on the first cut-on frequency in the larger duct) is
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Fig. 16. Phase of reflection coefficient R for the plane wave incident from duct A for Z ¼ 0:35: Experiment [2]: * ,
M ¼ 0:1; K, M ¼ 0:3; Theory: —; M ¼ 0:1; - - -, M=0.3.
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suggested. Two features of the reflection coefficient should be noted. For a fixed frequency, the
Mach number of the experimental results corresponds to theoretical results of a slightly higher
Mach number. An interesting interpretation is that it is the Mach number of the main core of the
turbulent flow, rather than the Mach number based on the mean velocity that determines the
behaviour of the instability wave. The second phenomenon is a strong variation in the reflection
coefficient, apparent in both computed and experimental results. It appears at a Strouhal number
(based on the duct width) of about one. It indicates that the interaction between the sound field
and the sheared flow at the edge of the area expansion is particularly important in this Strouhal
number region. Further implications of this phenomenon are well worth studying. It would also
be of interest to study the influence of the Kutta condition on the results.
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